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Abstract 

As a Generalization to [37] where the dimension-free Harnack inequality was es- 
tablished for stochastic porous media equations, this paper presents analogous results 
for a large class of stochastic evolution equations with general monotone drifts. Some 
ergodicity, compactness and contractivity properties are established for the associated 
transition semigroups. Moreover, the exponential convergence of the transition semi- 
groups to invariant measure and the existence of a spectral gap are also derived. As 
examples, the main results are applied to many concrete SPDEs such as stochastic 
reaction-diffusion equations, stochastic porous media equations and the stochastic p- 
Laplace equation in Hilbert space. 
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1 Introduction and main results 

The dimension-free Harnack inequality has been a very efficient tool for the study of dif- 
fusion semigroups in recent years. It was first introduced by Wang in [33] for diffusions 
on Riemannian manifolds, then this infinite dimensional version of Harnack inequality has 
been applied and extended intensively later, see e.g. [Ml [361 EHl EQ] for applications to 
functional inequalities; [H [21 [17] for the study of short time behavior of infinite-dimensional 
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diffusions; [15j [35] for the estimate of high order eigenvalues, and [5] for applications to the 
transportation-cost inequality and [H] for heat kernel estimates. 

Recently, the dimension-free Harnack inequality was established in [37] for stochastic 
porous media equations and in [21] for stochastic fast-diffusion equations. As applications, 
the strong Feller property, estimates of the transition density and some contractivity prop- 
erties were obtained for the associated transition semigroups. The approach used in j2TJ [37J 
is based on a coupling argument developed in [3] , where the Harnack inequality was studied 
for diffusion semigroups on Riemannian manifolds with unbounded curvatures from below. 
The advantage of this approach is that one can avoid the assumption that the curvature is 
lower bounded, which was used in previous works (cf.[U [21 (23 [30]) in an essential way 
and would be very hard to verify in the present framework of non-linear SPDE. 

The aim of this paper is to establish the analogous results for general stochastic evo- 
lution equations within the variational framework. More precisely, we mainly deal with 
stochastic evolution equations with strongly dissipative drifts in Hilbert space, whick cover 
many important types of SPDE such as stochastic reaction-diffusion equations, stochastic 
porous media equations and the stochastic p-Laplace equation (cf. [23 UHl [39] )• We first 
establish the Harnack inequality and the strong Feller property for the associated transition 
semigroups, then it has been used to derive some ergodicity and contractivity properties for 
the transition semigroups. In particular, we give a very easy proof for the (topological) irre- 
ducibility in Theorem [L4] by using the Harnack inequality. Hence the uniqueness of invariant 
measures for the transition semigroups is obtained without assuming strict monotonicity for 
the drift, which was required in many earlier works [2"7l I3"3 |2"T| |2"%1 [5]. And we also derive 
the convergence rate of the transition semigroups to the invariant measure. This implies 
a decay estimate of the solutions to the corresponding deterministic evolution equations 
(e.g.p-Laplace equation, porous medium equation), which coincides with some well-known 
results in PDE theory. Moreover, some uniformly exponential ergodicity and the existence 
of a spectral gap are also investigated. 

Now we describe our framework for SPDE in details. There exist three main different 
approaches to analyze stochastic partial differential equations in the literature. The martin- 
gale measure approach was initiated by J. Walsh in [32]. The variational approach was first 
used by Pardoux [2E] to study SPDE, then this approach was further developed by Krylov 
and Rozovoskii [TjJ] and applied to non-linear filtering. Concerning the semigroup approach 
we refer to the classical book by Da Prato and Zabcyzk [9J. In this paper we will use the 
variational approach because we mainly treat nonlinear SPDE of evolutionary type. All 
kinds of dynamics with stochastic influence in nature or man-made complex systems can be 
modeled by such equations. This type of SPDE has been studied intensively in recent years, 
we refer to [HI [331 [2D1 [2H1 EEE1 [23 EH] (and references therein) for various generalizations and 
applications. 

Let if be a separable Hilbert space with inner product (•, and H* its dual. Let V be 
a reflexive and separable Banach space such that V C H continuously and densely. Then 
for its dual space V* it follows that H* C V* continuously and densely. Identifying H and 
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H* via the Riesz isomorphism we know that 

V C H = H* C V* 

is a Gelfand triple. If the dualization between V* and V is denoted by y»(-, -)y we have 

v*(u,v) v = (u,v) H for all it G if, v G V. 

Suppose Wf is a cylindrical Wiener process on a separable Hilbert space U w.r.t a complete 
filtered probability space (Q, J 7 , T t , P), an d [L 2 {XJ\ H), \\ ■ \\ 2 ) is the space of all Hilbert- 
Schmidt operators from £/ to if. Now we consider the following stochastic evolution equation 

(1.1) dX t = A(t,X t )dt + B t &W u X = x G H, 
where 

4 : [0, T] x 1/ x Q -> V*; 5 : [0, T] x -> L 2 ([7, if) 

are progressively measurable. We first recall the classical result in [19] for the existence and 
uniqueness of strong solution. For more general results we refer to [131 [23 139] . 

Lemma 1.1. ( |19j Theorems II. 2.1, II. 2. 2 ) Consider the general stochastic evolution 
equation 

(1.2) dX 4 = 4(t, X*)dt + B{t, X t )dW t 
where 

A : [0, T\ x V x Q -> V*; 5 : [0, T] x V x Q. -+ L 2 (U ; H) 

are progressively measurable. Suppose for a fixed a > 1 i/iere exzsi constants 9 > 0, K and 
a positive adapted process f G L 1 ([0,T] x Q-dt x P) swc/i t/iat £/ie following conditions hold 
for all v, Vi, v 2 G V and (t, uj) G [0, T] x f2. 

(-41) Hemicontinuity of A: The map 

A i-> y* (4(t, ux + At> 2 ), u)v 

continuous on R. 

(42) Monotonicity of (A, B) : 

2 v *{A(t,v 1 )-A(t,v 2 ),v 1 -v 2 ) v +\\B(t 1 vi)-B(t,v 2 )\\ 2 2 < K\\v y - v 2 f H . 

(43) Coercivity of (4, 1?) : 

2y*(4(t, V), u)y + ||5(M)||2 + ^Iklly < ft + K\\v\\h- 

(44) Boundedness of A: 

\\A{t,v)\\ v * < f?'^ + K\\v\\«~\ 
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Then for any X £ L 2 (Q — > iJ;jF ;P), (li.jgj) has a unique solution {X t } te [ 0t T} which is an 
adapted continuous process on H such that E J Q T ||JY" t ||y<it < oo and 

(X t ,v) H =(X ,v) H + [ v »(A(s,X s ),v) v ds+ [ (B(s,X s )dW s ,v) H 

Jo Jo 

hold for allv eV and (t, uo) £ [0, T] x Q. 

Note that in order to using the coupling method, here we only consider equation (11.11) 
where the noise is the additive type. We intend to establish Harnack inequality for the 
associate transition semigroup 

P t F(x) := EF(X t {x)), t>0, x £ H, 

where F is a bounded measurable function on H. To define the intrinsic metric induced by 
B t , we need to assume B t (uj) is non-degenerate for t > and w G fi; that is, B t (oj)y = 
implies y = 0. Then for u £ V 



\y\\u, if y £ U, B t y = u; 
oo, otherwise. 



Theorem 1.2. Assume {Al) — (A4) hold for with the coercivity exponent a. Suppose 
there exist a constant a > 2,a > a — 2 and continuous functions 5, 7, £ £ C[0, 00) such that 
for any t > 0, to £ Q and u,v £ V we have 



;i.3) 2 v *(A(t,u) - A(t,v),u-v) v < -S t N(u-v) + j t \\u-v\\ 2 H , 



iv(«) >&NI£ t N 



a— cr 



where N is a positive real function on V and £,5 are strictly positive on [0, oo), then Pt is 
strong Feller operator for t > 0, and for any p > 1 and positive measurable function F on 
H we have 



(1.5) 

where 



(P t F(y)Y<P t FP(x)exp -^—C(t,a)\\x-y 



V 



C(t,a) 



p — 1 

2r^(a + 2) 2 ~ 



,2+ 



2(2-a) 



x,y £ H, 



(a + 2 - a) 2 +l [ exp(^ j u du)ds 

In particular, if 5, £ are time-independent, then 

2(a + 2) 2+ l 



C(t,a) 



(a + 2-a) 2+ ^(5£)^r 
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Remark 1.1. (1) Note that (Al) — (A4) are assumed in Theorem 11.21 only for the existence 
and uniqueness of the strong solution to (11. II) . One can replace those conditions by more 
general ones in [281 139] and obtain a similar result. 

(2) This theorem covers the main result in [37] if we take N(u) = \\u\\y~ for stochastic 
porous media equations. Moreover, if we take N(u) = m(g(u)) for some Young function g, 
then this theorem can also be applied to stochastic generalized porous media equations [2B] 
in the framework of Orlicz space. 

(3) This theorem can also be applied to many other types of SPDE in [27] [T9] which 
satisfy the strongly dissipative condition (11.31) (see section 3). For concrete examples in this 
paper we can consider N(u) = \\u\\ v for simplicity. In this case (11.31) implies (A2) and {A3). 
Under (II. 3p we have also established a stronger version of large deviation principle in [2U] 
for general SPDE with small multiplicative noise. 

(4) Note (11.4j) implies that V is contained in the range of B t (as a operator from U to 
H) for fixed t and uj. If we assume N(u) = \\u\\y and V = H, then we know B t is a bijection 
map and its inverse operator is also continuous from H to U. Since B t is a Hilbert-Schmidt 
operator, then H and U has to be finite dimensional space. In this case (11.41) holds provided 
B t are invertible. 

(5) The stochastic fast diffusion equations in [28J does not satisfy the assumption (II. 3p . 
but we have also obtained the Harnack inequality, strong Feller property and heat kernel 
estimates in [21] by using more delicate estimate. But we haven't obtained strong contractive 
property (e.g.hyperboundedness) for the associated transition semigroups in [21] because of 
the weaker dissipativity of the drift. 

To apply Theorem 11.21 to obtain the heat kernel estimates, ergodicity and contractivity 
properties of Pt, we only consider the deterministic and time-homogenous case from now on. 
We first establish some properties for invariant measure. 

Theorem 1.3. Suppose coefficients A,B in (1 1 . l\i are deterministic and time-independent 
such that (Al) and (A4) hold. Assume (\1.3§ hold for N(-) = \\ ■ \\ v and the embedding 
V C H is compact. 

(i) If 7 < also holds in the case a < 2, then the Markov semigroup {Pt} has an 
invariant probability measure [i, which satisfies jx (|| ■ \\ v + e e °""«) < oo for some e > 0. 



where cq is the constant such that || • \\ v > cq\\ ■ \\ 2 H hold. 

Moreover, ij '7 < cqS, then there exists a unique invariant measure \x of {Pt} and for any 
Lipschitz continuous function F on H we have 





x - y\\ 2 H , t > 0, 



(1.6) 



P t F{x) - fi(F)\ < Li P (F)e-^ s -^ 2 (\\x\\ H + C), x £ H, 
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where C > is a constant and Lip(F) is the Lipschitz constant of F. 
(Hi) If a > 2 and 7 < 0, then there exists a constant C such that 

\\X t {x) - X t {y)\\ 2 H < \\x-y\\ 2 H A{cr^}, t > 0, x, y E H 

where X t (y) is the solution to (II. ip with the starting point y. 

Therefore, {Pt} has a unique invariant measure and for any Lipschitz continuous func- 
tion F on H we have 



1 



(1.7) sup \P t F(x) - //(F) I < CLip(F)r—, t > 0. 

Remark 1.2. (11.71) describes the algebraically convergence rate of the transition semigroup to 
the invariant measure. In particular, if B = and Dirac measure at is the unique invariant 
measure of {Pt}, then we can take F(x) = \\x\\h in ( 11.71) and have 

sup \\X t (x)\\ H < Ct~~£*, t > 0. 
xeH 

Hence it gives the decay estimate of the solution to a large class of deterministic evolution 
equations. These results coincide with some well-known decay estimates in PDE theory, e.g. 
the optimal decay of the solution to the classical porous medium equation in [U [8] . We refer 
to section 3 for more examples. 

We recall that {P t } is called (topologically) irreducible if P 4 1m(0 > on H for any t > 
and nonempty open set M. If {P t } is a semigroup defined on L 2 (/i), then {P t } is called 
hyperbounded semigroup if ||-Pf ||£ 2 OH£ 4 (m) < 00 f° r some t > 0; {P t } is called ultrabounded 
semigroup if \\Pt\\L 2 (n)^L°°(fi) < 00 f° r an Y t > 0. 



Theorem 1.4. Suppose coefficients A,B in (1 1 . II) are deterministic and time-independent 
such that all assumptions in Theorem \l.S\ hold for N(-) = \\ ■ \\y. 

(i) {Pt} is irreducible and has a unique invariant measure fi with full support on H. 
Moreover, /i is strong mixing and for any probability measure v on H we have 



lim || P*v - /i \\ var = 0, 

t— >oo 



where || ■ || mr is the total variation norm and P t * is the adjoint operator of P t . 

(ii) For any x £ H, t > and p > 1, the transition density p t (x,y) of P t w.r.t fi satisfies 



\\Pt(x, -)IU*M ^ W ex P 



H 



-pC(t,a)\\x - y\\ H 



o 1 2(2-") 



fi(dy) 



V 



(Hi) If a = 2, then P t is hyperbounded and compact on L 2 (fi) for some t > 0. 
(iv) If a > 2 , then P t is ultrabounded and compact on L 2 (fj,) for any t > 0. Moreover, 
there exists a constant C > such that 



iPtW^^L^in) < exp C(l+t~ 



t > 0. 
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Remark 1.3. Based on the Harnack inequality, the irreducibility is derived very easily for 
the transition semigroup. Then according to Doob's theorem (cf.[23lfT6]) one can derive the 
uniqueness of invariant measures and some ergodic properties for the associated transition 
semigroups. Comparing with the uniqueness result for invariant measure in Theorem II. 3[ 
we do not need to assume 7 < or 7 < cq5 in this case. 

Let C p be the generator of the semigroup {P t } in L p (fi). We say that C p has the spectral 
gap in L p (fi) if there exists 7 > such that 

a(jC p ) n {A : ReX > -7} = {0} 

where cr(C p ) is the spectrum of C p . The largest constant 7 with this property is denoted by 
gap(C p ). 

Theorem 1.5. Suppose all assumptions in Theorem \l-4\ hold and fi denotes the unique 
invariant measure of {Pt}. 

(i) If a = 2 and 7 < cq5, then the Markov semigroup {Pt} is V -uniformly ergodic, i.e. 
there exist C, rj > such that for allt>0 and x G H 



sup \P t F(x) - //(F) I < CV(x)e 

\\F\\v<l 



where we can take V(x) = 1 + \\x\\jj and V{x) = e e °'' x " H for some small constant Eo > 0, 

1^)1 

F v := sup < 00. 

xeH V(x) 

Moreover, if Pt is symmetric on L 2 (fi) for all t > 0, then we have 

||FF-/i(F)|| L2(M) <e- ? "||F|| i2M , FeL 2 (/i), t > 0. 

(ii) If a > 2, then the Markov semigroup {Pt} is uniformly exponential ergodic, i.e. there 
exist C, 7] > such that for all t > and x G H 

sup \P t F(x) - n(F)\ <Ce~ vt . 

\\F\\oo<l 

Moreover, for each p £ (1, 00] we have 

\\P t F - fi(F)\\ LPM <C p e-^- l ^\\F\\ LP{ ^ FGWQj), t>0, 

and 

gap{L p ) > , 

p 

where C p is a constant and we set = 1 if p = 00 by convention. 
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Remark 1.4. The ^-uniformly ergodicity implies that for any probability measure v on H 
we have 

\\P^u - /i\\ var < / \\P(t,x, •) - fj,\\ var ^(dx) 



< 



/ sup I P t <f{x) - n{ip)\ v{dx) 

J H \\<p\\v<l 



< / CV(x)e- vt v(dx) = Cv(V)e- vt , t > 0. 

And it is easy to show that the uniformly exponential ergodicity is equivalent to 

\\P?v-n\\v«r < Ce~*, t > 0, 

since we have 

SUp ||P t V - (J,\\ var = SUp \\P t (x, •) - /i|| mr = - SUp \\P t f -//(/) ||oo- 

V X£H * ||/||oo<l 

The paper is organized as follows. The main theorems are proved in section 2. To apply 
the main results, one has to verify condition ( 11 .3D and (11.41) . For this purpose a crucial 
inequality is proved as a lemma in section 3. Then some concrete examples are discussed as 
applications. 



2 Proofs of the main theorems 
2.1 Proof of Theorem Q 

The main techniques in the proof are a coupling argument and Girsanov transformation in 
infinite dimensional space (cf. [211 ETj) . The coupling method dates back to Doblin's work 
[TO] on Markov chains and it is one of the main tools in particle systems (cf.[6]). The first use 
of coupling for SPDE up to our knowledge is due to Mueller [25], who used this technique 
to prove the uniqueness of invariant measures for the stochastic heat equation. We refer to 
some review papers [2U [221 US] on this subject for more references. 

The coupling we used here, which only depends on the natural distance between two 
marginal processes, is a modification of the argument in [3]. Such a stronger Harnack 
inequality (the estimate only depending on the usual norm) will provide more information 
such as the strong Feller property and the hyper- or ultrabounded property of the transition 
semigroups. In order to make the proof easier to understand, we first describe the main 
ideas and steps. 

To prove the Harnack inequality for the transition semigroup {Pt}, it suffices to construct 
a coupling (X t , Y t ), which is a continuous adapted process on H x H such that 

(i) X t solves (II. ip with X = x; 

(ii) Y t solves the following equation 

dY t = A(t,Y t )dt + B t dW t , Y = y 
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for another cylindrical Brownian motion Wt on U under a weighted probability measure RP, 
where Wt as well as the density R will be constructed by a Girsanov transformation; 
(iii) Xt = Yt, a.s. 

As soon as (i)-(iii) are satisfied, then we have 

P T F{y) = ERF(Y T ) = ERF(X T ) 
(2.1) < (ER p/{p ' 1) ) {p ~ 1)/p (EF p {X T )) 1/p 

= (ER p/ ( p - 1) ) {p - 1)/p {P T F p {x)) 1/p , 

which implies the desired Harnack inequality provided ERP/^ 1 ' < oo. 

Now we constract the coupling process Y t . We first take e G (0,1), (3 G C([0, oo);M + ) 
and consider the equation 



[2.2) dY t = (A{t, Y t ) + ^L Y ^ 1{t<T} ) dt + BtdWu Y " 



o = y, 



where X t := X t (x) and r := inf{t > : X t = Y t } is the coupling time. 

According to Lemma [1.11 we can prove that ( 12.2ft also has a unique strong solution Y t (y) 
by using a similar argument in [37J Theorem A. 2] (in fact, one can prove the added drift is 
also monotone). Then by (11.31) we have 

\\X t - Y t \\ 2 H < \\X S -Y S \\ 2 H + ! {-5 U N(X U - Y u ) + lu \\X u - Y u f H - p u \\X u - K u ||^l {u<r} ) du 

J s 

for all < s < t. Hence we have X t = Y t for t > r by using Gronwall's lemma. 

And it is easy to show that 
(2.3) 

e -/o7^|| Xt _ < ||x _ _ J e -fo^(s uN ( Xu - Y u ) + P U \\X U - Y u \\ 2 H £ l {u<T} y u . 

First, we will prove the coupling time r < T a.s. by choosing (3 t appropriately in (|2.2p . 
Lemma 2.1. If (3 satisfies f3 t e~iti ^ ds dt > | \\x - y\\ e H , then X T = Y T , a.s. 
Proof. By ( \2.3\\ and the chain rule we have 

{e~ti~<° ds \\X t -Y t \\ 2 H y /2 < \\ x -y\\ e H -^J fce-lfo-r^ds, t < r A T. 

If T < t(u)q) for some ujq G Q, then by taking t = T and using the assumption we have 

e-^'^ As \\X T {uj,)-Y T {uj,W H < \\ x -yf H - £ - f fre^ti ^ ds dt < 0. 

* Jo 

This implies Xt{u)q) = Yt(wq), which contradicts with the assumption T < t(ujq). 

Hence r ^ T, a.s. The proof is complete. □ 
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Proof of Theorem O: Let e = 1 - ^ e (0, 1), then by (j23) and (O) we have 



(2.4) 



II v' v ||2+cr— a— 2e 



(If 



/3fl|x t -y,||^ t 



dt, 



where 



Let 



0? = (?e5 t be- e fi*'' da , c 



n*-v\\ e H 



it ■— — [717 TTTTe A {t<r}> 



\\X t -Y t \\ H 

By using Holder's inequality and (12.41) we obtain 



WCtWudt 



T o2 



P?\\X t -Y t \\ Bt 



2e 



o \\Xt-Y t \\% 



dt 



(2.5) 



< T~ 



T K\\Xt-Y t \\* B 



Bi 



dt 



Hence we have 
(2.6) 



Eexp 



IKtll^dt 



< oo. 



Therefore, we can rewrite (12.21) as 

dY t = A(t, Y t )dt + B t dW t , Y = y 

where ^ 

W t :=W t + [ ( s ds. 



By (12.61) and the Girsanov theorem (e.g. [HI Th 10.14, Prop. 10. 17]) we know that {Wt} is 
a cylindrical Brownian motion on U under the weighted probability measure RP, where 



R := exp 



(Ct,dW t ) 



t\\u 



dt 
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Therefore, the distribution of {Y t (y)} t ^[o,T] under RP is same with the distribution of 
{X t (y)} te [ 0t r\ under P. 

Let p' = -^j, then for any q > 1 



ER P = exp 



T 



' / (c*,dwi>-| y o lionet 



< 



2( A2 /-T 

Eexp(gp' / (C tl dWi>-^ 



WCtWfjdt) 



(2.7) 



Eexp 



lienor 



< 



qjJ{qpt-l) f T M ||2 ,1 V 
EeXp( 2(g-l) 7 IICt|l ^ } J 
p'(qp' -1) ^2f 2£ 



< exp 

By taking q j 1 we have 

(Pr(y)) p < Pri 7ip (x)(Ei? p ') p/ " 1 



(2.8) 
where 



< P T F p (x) exp 



P 



p — 1 



C(t,a)||x-y 



,2+ 



2(2-ct) 



C(t,<r) 



2t^((7 + 2) 



2+- 



(<r + 2-a) 



f*(6 s £ s ) I exp(^^ J S 7ndw)ds 



2 ' 



From (12.71) we know that R is uniformly integrable, then by the dominated convergence 
theorem we have 



lim E\R - 1| = E lim \R - 1| = 0. 



Hence 



\P T F(y) - P T F{x)\ = \ERF(X T ) - EF{X T )\ < \\F\looE\R - 1| -> 0(y -> x). 
This implies P^F e Cb(H). Therefore, Py is strong Feller operator. □ 



2.2 Proof of Theorem IT51 

(i) In the present case, {Pt} is a Markov semigroup (cf. [El [27]). The existence of an invariant 
measure \i can be proved by the standard Krylov-Bogoliubov procedure (cf.[27J [37]). Let 



(J>r, 



5oP t dt, n > 1, 



where 5$ is the Dirac measure at 0. Recall X t (y) is the solution to ( 11.11) with the starting 
point y, then by (11.31) and the Gronwall Lemma 

\\X t (x) - X t {y)f H < e*\\x - yf H , Vx, y e H. 
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This implies that Pt is a Feller semigroup. 

Hence for the existence of an invariant measure, it is well-known that one only needs to 
verify the tightness of {fi n : n > 1}. 

Since 7 < in the case a < 2, then by (11.31) and {A4) we have 

2 V * < A(x),x> v < -6\\x\\% + j\\x\\ 2 H + 2 V .{A{0), x) v 

1 ' ' <0 2 -0l|Mlv 

holds for some constant 9\, 9 2 > 0. By using the Ito formula we have 

(2.10) \\X t f H < \\x\\ 2 H + [ (c-9 1 \\X a \\$)d8 + 2 [ (X s ,BdW s ) H , 

Jo Jo 

where c > is some constant which may change from line to line. 

Note that M t := J*(X s ,BdW a ) h is a martingale, then (I2.10p implies that 

(2.11) " llv) = - P E\\X t (0)\\^dt < n > 1. 

n J 0i 

Since the embedding V C H is compact, then for any constant K the set {x G H : \\x\\y < 
K} is relatively compact in H. Therefore, (12. lip implies that {yU„} is tight, hence the limit 
of a convergent subsequence provides an invariant measure fi of {Pt}- 

Now we need to prove the concentration property of fi. If Eq is small enough, then by 
(12. 10p and Ito's formula 

pt 

e eo\\x t \r H < e£0 |M|£ + / ( c _ e^X^ + ae \\B\\ 2 2 \\X s \\%) ^\\X a \\%- 2 e e ^ x ^ds 
Jo 2 

+ ae f \\X s \\ a H - 2 e^ x ^(X s ,BdW s ) H 
Jo 

(2.12) <e«olWIS + f\c- Cl \\X s \\ a H ) ^\\X s \\ a H 2 e^ x ^ds 

Jo * 

+ ae [ \\X s \\«- 2 e eo ^»(X s ,BdW s ) H 
Jo 

< e eoW& + f (c 2 - c 3 e £ollXsll ») ds + ae [ \\X s \\^f 2 e £ollXs ^ (X s , BdW s ) H 
Jo Jo 

holds for some positive constants c, ci, c 2 and C3. Therefore 

/i n (e E °ll-H«) = - r^e^^dt < — + ^, n > 1. 
n Jo c 3 n c 3 

Hence we have //(e 60 ""^) < 00 for some e > 0. In particular, this implies /i(|| • ||^) < 00. 
By (12.1 Op there also exists a constant C such that 



E 



f \\X t (x)\\^dt < C(l + \\xf H ), Vx E H. 
Jo 
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Therefore 

MIHIv)= / M^) / E(\\X t (x)\$)dt < C + C I \\x\\ 2 Hf i(dx) < oc. 
Jh Jo Jh 

(ii) If a = 2, then for any x,y G H 

\\X t (x) - X t {y)f H < \\x - yf H + f (-5\\X s (x) - X s (y)\\v + tII^(^) - X,(y)\\%) ds. 

J o 

By the Gronwall lemma we have 

\\X t {x) -X t (y)\\ 2 H < e^^Wx-yWl, Wx,y G H. 

If 7 < CqS, then (12.91) still holds. Hence {Pt} has an invariant measure by repeating the 
argument in (i). And we also have 

lim \\X t (x)-X t (y)\\ H = 0, Vx,y G H. 

t— »oo 

By the dominated convergence theorem we know for any invariant measure fi and for any 
bounded continuous function F 

\P t F(x) - im(F)\ < f E\F(X t (x))-F(X t (y)Mdy)^0(t^oo). 
Jh 

This implies the uniqueness of invariant measures. 

We denote the invariant measure by \x. By {%) we know ■ ||^) < oo, hence for any 
bounded Lipschitz function F on H we have 

\P t F(x) - n(F)\ < [ E\F(X t (x)) - F(X t (y)Mdy) 
Jh 

< Lip(F)e^ c< ^/ 2 / \\x-y\\ Hf i(dy) 

Jh 

< Lip{F)e^- CoS ^ 2 (\\x\\ H + C), xeH, 

where C > is a constant. 

(Hi) If a > 2 and 7 < 0, then there exists a constant c > such that 

\\X t (x)-X t (y)\\ 2 H <\\x-y\\ 2 H -c f \\X s (x) - X s (y)\\ a H ds, t > 0. 

Jo 

Suppose h t solves the equation 

(2.13) K = -chh h = (\\x-y\\ H + e) 2 , 

where e is a positive constant. Then by a standard comparison argument we have 

(2.14) \\X t (x) - X t (y)\\ 2 H <h t < Cr&, 
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where C > is a constant. In fact, we can define 

<p t :=ht-\\X t (x)-X t (y)\\%, r:=inf{t>0: <p t < 0}. 

If r < oo, then we know <p T < by the continuity. 
By the mean-value theorem we have 

"t 



<p t ><p -cj (hi - \\X s (x) - XMWh) ds 



>e — K / <p s ds, 0<t<r, 
Jo 

where K > is some constant. Then by the Gronwall lemma we have 

V?r > e 2 e~ KT > 0, 

which is contradict to ip T < 0. Hence (12.141) holds. 

Therefore, for any x G H and bounded Lipschitz function F on H, we have 

\P t F(x) - im(F)\ < f E\F(X t (x) - F(X t (y)))\n(dy) < CUp(F)r^. 
Jh 

Hence ( 11.71) holds and the uniqueness of invariant measures also follows. □ 
2.3 Proof of Theorem Q 

(i) By the definition of \\ ■ \\b and ( 11.41) . for any constant K there exists K > such that 

{xeH: \\x\\ B < K} C {Bu : u E U; \\u\\u <K}; 
{x e H : \\x\\ v <K}C{xeH: \\x\\ B < K}. 

Since B is a Hilbert-Schmidt (hence compact) operator, then the following set 

{x e H : < K} 

is relatively compact in H for any constant K, i.e. the embedding V C H is compact. Hence 
{Pt} has an invariant measure according to Theorem 11.31 

Suppose n is an invariant measure of P t , then by taking p = 2 in (11.51) we have 

(P t l A /(x)) 2 / e- 2C ^-yC 2J ^ ^dy) 
(2.15) Jh 

< / P t l M {y)n{dy) = y(M), 
Jh 

where M is a Borel set on i^. Hence the transition kernel Pt(x, dy) is absolutely continuous 
w.r.t. /i, and we denote the density by pt(x, y). 

11 



Harnack inequality for stochastic evolution equations 



If n does not have full support on H, this means there exist xq £ H and r > such that 

5(20; r) := {y E H : \\y - x \\ H < r} 

is a null set of fi. Then (12.151) implies that P t (x , B(x ;r)) = 0, i.e. 

P(X t (x )eB(x ;r)) = 0, t > 0. 

Since X t (xo) is a continuous process on H, we have P (X £ -B (xo; r )) — 0, which is contradict 
with X = xq. 

Therefore, /1 has full support on H . 

According to the Harnack inequality (II. 5p we have 



r p 2+ 

(P t l M ) p (xo) < P t l M (x)exp \—— -C{t,a)\\x - x G \\ H 



2(2-q) 



X, Xq £ H. 



Therefore, to prove the irreducibility, one only has to show for any given nonempty open set 
M and t > 0, there exists xo £ H such that P t lM(^o) > . 
Note that the full support property of /1 implies 

P t l M (x)fi(dx) = [ l M {x)»(dx) = n{M) > 0. 
Jh 

So P t lj\/(-) cannot be the zero function. Therefore {P t } is irreducible. 

Since {Pt} have also the strong Feller property, then the uniqueness of invariant measures 
follows from the classical Doob theorem [7] (or see [THl Theorem 2.1]). 

Note that the solution has continuous paths on H, then the other assertions follow from 
the general result in the ergodic theory (cf.[31j Theorem 2.2 and Proposition 2.5], [23]). 

(ii) For any p > 1 and nonnegative measurable function / with fi(f p ^ p ^ 1 ^) < 1, by 
replacing p with pj {p — 1) in (II. 5p we have 



{P t f(x)) p/ip - 1] < (P t r^- 1 \y))e^[pC{t,a)\\x-yff J ^ 1 ], x,y £ H. 
Taking integration w.r.t. fi{dy) on both sides we have 

(P t f(x)) p/ip - 1] [ e- pC ^*-y& 2J2 ^ v(dy) < /i(/ p/(p - 1} ) <1- 



This implies that 

PJ(x)<n^e- pC ^ x -y^ ° fi(dy)j 

Note that 

p tf(x)= / f(y)P t (x,dy) = / f(y)p t (x,y)fi(dy), 
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hence we have 



\\Pt(x,-)\\LP(ji)= sup 

l|/IU?( M )<i 



f(y)pt(x,y)K d y) 



1/ 



-pC(t,cr)\\x—y\\ 



2(2-g) 



fi{dy) 



-(p-l)/p 



where q = p/(p — 1). 

(m) By (11.51) there exists a constant c > such that 



2(2-g) 



(2.16) (P/) 2 (x)exp 



— 2/11 



<P t f 2 (y), x,yeH,t>0. 



Integrating on both sides w.r.t. fi(dy), for / e L 2 (fi) with /i(/ 2 ) = 1 we have 

2(2-q) 



: 2 -i7) (p t/ ) 2 (x) < 



i 



exp 



c(||x|| g + l) 2+; 

cr+2 



x e H,t > o, 



where 5(0; l):={y£ff: ||y|| H < 1} and // (5(0; 1)) > 0. 
If a = 2, then there exists C > such that 



(PJ) 4 (x)fi(dx) < - ° N X 
* ^ 1 ^ ^-^(^(O,!))^ 



exp 



C||* 



cr + 2 



fi(dx) < oo 



holds for sufficiently large t > 0, since /i(e eo "'"ff) is finite according to Theorem ll.3( i). 

Hence P t is hyperbounded operator for sufficient large t > 0. Since P t has a density w.r.t. 
/i, Pt is also compact in L 2 (fi) for large t > according to [38l Theorem 2.3]. 



(if) If a > 2, then by (12.121) we have for small enough e > 
(2.18) d^lM < (c - 0|| ^H^- 2 ^ ^*"^)^ + « £o ||^||^ 2 e £0 ll^ll&<^ rt; ^rfW*)^, 
where c, # > are some constants. By Jensen's inequality we have 



Let h(t) solve the equation 



(2a-2)/a / Veeo \\X. 



Ee £ol|Xu|l » (logEe £()||Xu|l ») Q du. 



(2.19) />'(*) = c - 6e- (2a ~ 2)/a h(t){ logh(t)} (2a - 2)/a , 
Then by a standard comparison argument we know 

(2.20) Ee co\\X t (x)r H < ^ < exp L ^ + r a/(«-2)j 



M0) = exp [e (\\x\\ a H + c)} 



t>o,xeH 
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hold for a constant Co > 0. By using (12.171) we have 
(2.21) _ r ci / 



< Ci sup E exp 



(l+||X|(x)||flr)' 



t > 0, 



where c\ > is a constant. By Young's inequality there exists c 2 > such that 

C l /-, 2 , 2(8-a) 



CT + 2 



(1 + u) 2+ ^ < e (l + /) + c 2 r^~ 2 ), u,t > 0. 



Therefore, there exists a constant C > such that 

H^IU^H^M < exp[C(l + t~^)], t > 0. 
The compactness of Pt also follows from the [38J. 

2.4 Proof of Theorem 11.51 

The proof is based on [HI Theorem 2.5; 2.6; 2.7]. According to Theorem II A\ we know 
is strong Feller and irreducible. Now we only need to verify the following properties: 

(1) For each r > there exist t > and a compact set M C H such that 

inf P to l M (x) > 0, 

where B r = {y E H : \\y\\ii < r }- 

(2) If a > 2, then there exist constants K < oo and £i > such that 

E||X t (x)|||< K, xeH,t>h. 

(3) If a = 2, then there exist constants K < oo and /3 > such that 

(X t (x)) < Ke-^Vix) +K, x e H, t>0, 

where V(x) = 1 + \\x\\ 2 H and V(x) = e £0 " x "ff for some small constant Eq > 0. 
By using the Ito formula we have 

\\X t \\ 2 H < \\x\\ 2 H + f(c~ |ll*.llv + 7ll*.||2r) + J\x s , BdW s ) H . 
If a > 2, then there exists a constant c\ > 

ll^tlll < I^IIh + ^ (c! - l\\X a \\$\ ds + jf (X s , BdW,)*. 

This implies that there exists C > such that 

ft 



(2.22) E/ ||X s ||£ds < C(t+ \\x\\ 2 H ), t > 0. 
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And by using Jensen's inequality 

1 2 W2 



E\\X t \\ 2 H < \\x\\% 



ds. 



[ [c 1 -Cb(E||X.||i r ) 
Jo 1 

Then by a standard comparison argument we get 

E\\X t (x)\\ 2 H < C(l + t~£*), x G H, t>0. 

Hence property (2) holds. 

According to (11.51) . for the property (1) it is enough to show that there exist to and a 
compact set M in H such that P to lM(x) > for some x G B r . 

By (I2.22p and a simple contradiction argument, one can show that there exists to > 
such that P to \.M{ x ) > for the compact set M := |y G H : \\y\\v < [C(l + ^ 2 )] 1 ^ a | and 
x G B r . So property (1) also holds. 

Then the assertions in (ii) hold according to [TTi Theorem 2.5; 2.7]. The modified con- 
stant in the estimates of spectral gap and exponential convergence comes from the arguments 
in [T21 Theorem 7.2] (in fact, (7.10) implies that (7.4) holds with that modified constant in 

TO- 

Similarly, if a = 2 and 7 < cq5, then we can prove 

E||X t (x)||^ < e-^\\x\\ 2 H + C, t > 0,x G H 

holds for some constants (3 > and C. Moreover, by (12.121) there also exists a small constant 
Eo > such that 

Eexp [£ ||A t (x)||y < e - 0t e E0 ^ + C, t > 0,x G H. 
Then the conclusions in (1) follow from [Til Theorem 2.5; 2.6]. 



3 Application to examples 

To apply our main results, one has to verify condition (11.31) and (11.41) . To this end, we 
present some simple sufficient conditions for (11.31) and (11.41) . We first establish the following 
inequality, which is crucial for verifying (11.31) in concrete examples. 

Lemma 3.1. Let (E, (•, •)) be a Hilbert space and \\ ■ \\ denote its norm, then for any r > 
we have 

(3.1) (\\a\\ T a - \\b\\ r b, a-b)> 2~ r ||a - 6|| r+2 , a, b G E. 
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Proof. We may assume ||a|| > ||fo|| without loss of generality. Then we have 

(\\a\\ r a-\\b\\ r b,a-b) 
= \\bna-b\\ 2 + (\\a\\ r -\\b\n(a,a-b} 

= \\b\\ r \\a - fo|| 2 + i(||a|r - llfelDdlaf + \\a ~ b\\ 2 - \\b\\ 2 ) 
(3 ' 2) >IHI r ||a-6|| 2 + ^(INI r -||6|| r )l|fl-6ir 



=\{h\Y + W)\\a-b\\ 

>2- r ||a-fo|| r+2 . 



2 



□ 



Remark 3.1. If r < 0, then (13. ip does not hold in general. It's easy to show the assumption 
(II. 3p in Theorem 11.21 does not hold for stochastic fast diffusion equations. For more details 
we refer to |21|. 



The first example for the application of our main results is the stochastic porous media 
equation (cf. [27J EH EZ] ) • The main results obtained in [37] are covered by our main theorems. 
Moreover, we derive some new results such as the irreducibility (hence the uniqueness of 
invariant measures), exponential ergodicity and the existence of spectral gap for stochastic 
porous media equations here. Now we apply the main results to other types of stochastic 
evolution equations in Hilbert space. In the following examples L(Y, Z) denotes the space 
of all bounded linear operators from Y to Z and Ran(B) denotes the range of operator B. 

Example 3.2. (Stochastic reaction- diffusion equation) 

Let A be an open bounded domain in M. d with smooth boundary and A be the Laplace operator 
on L 2 (A) with Dirichlet boundary condition. Consider the following triple 

Wq' 2 (A) n L P (A) C L 2 (A) C (Wo' 2 (A) n L P (A))* 
and the stochastic reaction- diffusion equation 

(3.3) dX t = (AX t - c\X t \ p - 2 X t )dt + BdW tl X = x e L 2 (A) 

where p > 1 and c > 0, B is a Hilbert- Schmidt operator and W t is a cylindrical Wiener 
process on L 2 (A), then according to (jff.ffl) has a unique strong solution and (ji.ffl) holds 
with N(u) = IHI12 (Sobolev norm). Hence the assertions in Theorem II . 31 hold for (\3.3i) . 
Moreover, if B is a one-to-one operator such that 

Wl' 2 {A) C Ran(B), B~ l e L(W^ 2 (A); L 2 (A)), 



then ( 1.4) also holds. In particular, if d = 1 and B := (—A) 6 with 9 G (7, |], then B 



is a Hilbert- Schmidt operator and Ql.^p holds. Hence the assertions in Theorem \1.S[\L4 



and \1.5\ also holds for i \3.3h . Particularly, the associated transition semigroup of ft 3. 3b is 
hyperbounded and V -uniformly ergodic. 
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Remark 3.2. Suppose that 

< Ai < A 2 < • ■ • < A n < ■ ■ ■ 

are the eigenvalues of —A and the corresponding eigenvectors {ej}j>i form an orthonormal 
basis on L 2 (A). Assume Bei := biCi and there exists a positive constant C such that 

C 



V^<+oo; bi > —=, i>l 
V \ 



then B is a Hilbert-Schmidt operator and (11.41) holds. 

By the Sobolev inequality Q35J, Corollary 1.1 and 3.1) we have 

A., > ci 2/d , i > 1 

hold for some constant c > 0. This implies that the space dimension d is less than 2. 
However, if we consider a general negative definite self-adjoint operator L instead of A in 
(13.31) . e.g. L := — (— A) g ,q > 0. Then, by the spectral representation theorem, our results 
can apply to examples on M. d with d > 2. We may refer to [21], [37] for more details. 



Example 3.3. (Stochastic p-Laplace equation) 

Let A be an open bounded domain in M. d with smooth boundary. Consider the triple 

Wo' p (A) C L 2 (A) C (^ 1,P (A))* 
and the stochastic p-Laplace equation 

(3.4) dX t = [dW(\VX t \ p ~ 2 VX t ) - c\X t f- 2 X t ] dt + BdW u X = x, 

where c>0,2<p<oo,l<p<p, B is a Hilbert-Schmidt operator and W t is a cylindrical 
Wiener process on L 2 (A), then the assertions in Theorem 11.31 hold for {3.4). 

Moreover, if d = 1 and B := (— A)~ e with 9 G (|, then ( | 1.$ also holds. Therefore the 
assertions in Theorem 1 1 and \1.5\ also hold for < \3.4[ - In particular, if p > 2, then the 
associated transition semigroup of Qff.^P is ultrabounded and uniformly exponential ergodic, 
and its generator also has a spectral gap. 

Proof. According to [27J Example 4.1.9], (Al) — {A4) hold for (13.41) . Hence we only need to 
verify (11.31) for N(u) = \\u\\i under our assumptions. By using Lemma |3~T1 and the Poincare 
inequality we have 

^(div(|Vu| p ~ 2 Vn) - dW(\Vv\ p ~ 2 Vv),u- v) v 

= - [ ( \Vu(x)\ p - 2 Vu(x) - \Vv(x)\ p - 2 Vv(x), Vu(x) - Vv(x)) Rd dx 

J A 

/ \Vu(x) - Vv(x)\ p dx 

J A 

1,P( 



< -2 p - 



<-C\\u-v\\l p , u,veW^(A) 
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where C > is a constant. And it is easy to show that 

v »(\u\p~ 2 u- \vf- 2 v,u-v) v > 0. 

Hence (OD holds. 

If d = 1 and B := (—A)~ e with 9 £ (|, |], then there exists a constant c > such that 
(see the remark above) 

||«||i,2 > c\\u\\ B , u £ W 1,P (A). 
This implies (11.41) holds. □ 

Remark 3.3. (1) The Harnack inequality and some consequent properties still hold if one 
also adds some locally bounded linear (or order less than p) perturbation in the drift. Only 
for certain properties (e.g. hyperboundedness or ultraboundedness) we need to require the 
drift is dissipative (i.e. 7 < 0). 

(2) If we assume B = in (13 .4ft . then by Theorem ll.3( w) we can get the following decay 
of the solution to the classical p-Laplace equation 

sup ||Xt(a;)|| L 2 < Ct~^, t > 0. 

x£L 2 (A) 

The following SPDE has been studied in [T9l [20] . in which the main part of drift in the 
equation is a high order generalization of the Laplace operator. 

Example 3.4. Let A be an open bounded domain in M 1 and m £ N+. Consider the following 
triple 

W™' P (A) C L 2 (A) C (W/ m ' p (A))* 

and the stochastic evolution equation 
(3.5) 



dXt(x) 



am 



Qm 

X t (x) 



dx 



dx^ Xt{x) 



dt + BdW t . 



where c > 0, 2 < p < 00, 1 < p < p, B £ L2(L 2 (A)) and Wt is a cylindrical Wiener process 
on L 2 (A), then the assertions in Theorem ! 1.3\ hold for (Iff. 51) . 

Moreover, if B is also a one-to-one operator such that B^ 1 £ ^(^^"'^(A); L 2 (A)), then 
( | 1.4^ is also satisfied. Hence the assertions in Theorem \1.S[\1.4\ and VLR hold for (\3. 5]) . In 
particular, the associate transition semigroup of the solution is ultrabounded if p > 2 and 
hyperbounded if p = 2. 

Proof. The proof is similar to the argument in Example 3.3 by taking N(u) = ||it||£j p . □ 

Remark 3.4. (i) If we assume p > 2 and B = in (13. 5p . then by Theorem II .31 we also obtain 
the decay of the solution to the deterministic evolution equation, i.e. 

sup \\X{\\ L 2 < Ct~*=3, t > 0, 

/GL 2 (A) 
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where X t denote the solution to the following equation 



dX t (x) 
dt 



.1 8T 



dx r 



0" 



dx 1 



-XAx] 



p-2 



dx 7 



-X t {x) - c\X t (x)f- 2 X t (x), X = fe L 2 (A). 



(ii) Assume that 

< Ai < A 2 < • • ■ < A n < • • • 

are the eigenvalues of a positive definite self-adjoint operator L where T>{y/~L) = jy™' 2 (A), 
the corresponding eigenvector {ej}j>i is an ONB of L 2 (A). Suppose Be^ := biei and there 
exists a constant C > such that 

C 

J^b 2 < +oo; bi > -=, i > 1, 

1 vAi 

then B is a Hilbert-Schmidt operator on L 2 (A) and (11.41) is satisfied. 
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